Meeting the ever-growing information rate demands has become of utmost importance for optical communication systems. However, it has proven to be a challenging task due to the presence of Kerr effects, which have largely been regarded as a major bottleneck for enhancing the achievable information rates in modern optical communications. In this work, the optimisation and performance of digital nonlinearity compensation are discussed for maximising the achievable information rates in spectrallyefficient optical fibre communication systems. It is found that, for any given target information rate, there exists a trade-off between modulation format and compensated bandwidth to reduce the computational complexity requirement of digital nonlinearity compensation.
I. INTRODUCTION
Optical networks form an integral part of the world-wide communication infrastructure and nowadays over 95% of all digital data traffic is carried over optical fibres. Achievable information rates (AIRs), which are natural figures of merit in coded communication systems for demonstrating the net data rates achieved [1] [2] [3] [4] , have increased greatly over the past few decades with the development of multiplexing techniques, improved optical fibres and amplifiers, advanced modulation formats, detection schemes and digital signal processing (DSP) [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . These technologies together facilitated the revolution of the communication systems and the rapid growth of the Internet. Currently, optical fibre communications are challenged to meet the massive surge of information rate demands. However, the presence of Kerr effects in fibre medium is widely believed to impose an ultimate limit on further enhancement of the achievable information rates in optical communication systems. The signal distortions as an effect of the fibre nonlinearity are more significant in the systems that utilise larger transmission bandwidths, closer channel spacing as well as higher-order modulation formats [15] [16] [17] [18] [19] [20] .
Significant research efforts have been concentrated on the mitigation of the nonlinearity-induced degradations in optical transmission. A number of nonlinear compensation (NLC) techniques have been investigated, such as digital backpropagation (DBP), nonlinear pre-distortion, Volterra equalisation, optical phase conjugation, nonlinear Fourier transform and twin-wave phase conjugation, etc. [21] [22] [23] [24] [25] [26] [27] [28] . Single-channel DBP, i.e. compensating only for intra-channel nonlinearities (self-phase modulation), has been suggested as a low-complexity compensation scheme which may realise potential cost savings in newly deployed systems [29] [30] [31] . Nevertheless, for a substantial increase in the achievable information rates, multi-channel DBP (MC-DBP) has been widely considered as a promising approach as it compensates for both intra-channel and inter-channel fibre nonlinearities in dense wavelength division multiplexed (WDM) optical communication systems [32] [33] [34] [35] [36] [37] [38] [39] . In this paper, the performance and the optimisation of MC-DBP is discussed from the perspectives of signal-to-noise ratio (SNR) and AIR enhancement in the compensated fibre-optic communication systems, where different high-cardinality modulation formats such as dual-polarisation quadrature phase shift keying (DP-QPSK), dual-polarisation 16-level quadrature amplitude modulation (DP-16QAM), DP-64QAM and DP-256QAM, are applied. Both numerical simulations and analytical modelling have been carried out in a representative communication system consisting of nine 32-Gbaud Nyquistspaced WDM channels transmitted over a standard singlemode fibre (SSMF) link.
In the case where full-field DBP is applied to compensate for all nonlinear signal-signal interactions our investigation shows that the remaining distortions due to signal-noise beating become modulation format independent. On the other hand, the presence of signal-signal nonlinearity, when only an electronic dispersion compensation (EDC) or a partialbandwidth DBP is utilised, exhibits a considerable dependence on the modulation format applied.
Regarding the backpropagation optimisation, when AIRs are considered the minimum required number of steps per span (MRNSPS) parameter in the DBP algorithm demonstrates a strong dependence on the modulation format for different back-propagated bandwidths. This is in contrast to the obtained MRNSPS with respect to SNR optimisation which does not show any modulation format dependence in the multi-channel DBP schemes under investigation.
Our study indicates that for any given target information rate the complexity requirement of the MC-DBP compensation can potentially reduce, benefitting from the existing trade-off between modulation format and backpropagated bandwidth.
II. TRANSMISSION SETUP
The numerical setup of the 9-channel 32-Gbaud Nyquistspaced superchannel optical transmission system is illustrated in Fig. 1 . The applied modulation formats are DP-QPSK, DP-16QAM, DP-64QAM and DP-256QAM. The phase-locked optical carriers in the transmitter are generated using a 9-line 32-GHz spaced laser comb, and are de-multiplexed before I-Q optical modulators. The data in each channel are independent and random, and the symbols are further decorrelated with a delay of half the sequence length in the two orthogonal polarisations. The Nyquist pulse shaping (NPS) is realised using a root-raised cosine (RRC) filter with a roll-off of 0.1%. The SSMF span is simulated using the Manakov equation solved by the split-step Fourier method with a logarithmic distribution of the step size [40, 41] . The erbiumdoped optical fibre amplifier (EDFA) is applied to compensate for the loss in each fibre span. At the receiver end, the optical signals are mixed with the local oscillator (LO) laser to implement an ideal coherent detection. In the DSP part, EDC is realised using frequency-domain equalisation [42, 43] , and the MC-DBP is performed using an reverse split-step Fourier solution of the Manakov equation [21, 33, 35 ]. An ideal RRC filter is further employed to change the back-propagated bandwidth in the MC-DBP module. The considered back-propagated bandwidths range from 32-GHz (1-channel NLC) to 288-GHz (full-field NLC). The matched filter then selects the central channel and removes the crosstalk from neighbouring channels. The SNR of the central channel is evaluated over 2 18 symbols, and the mutual information (MI) is calculated from the obtained SNR, as discussed in [2, 31, 38] . A digital resolution is 2 sample/symbol/channel to guarantee the accuracy of numerical simulations. The phase noise from the transmitter and LO lasers, the frequency offset between them, as well as the polarisation mode dispersion (PMD) in the optical fibres are neglected. Table 1 shows system parameters in detail.
III. OPTIMISATION OF MULTI-CHANNEL DIGITAL BACK-PROPAGATION
Traditionally, the optimisation of MC-DBP algorithm was performed in terms of Q 2 factors and SNR performance [32] [33] [34] . However, in coded transmission systems, AIRs are more useful indicators which give a measure of the net data rates that can be achieved [1] [2] [3] [4] . In this work, the multichannel DBP algorithm is optimised in terms of both SNR and AIR values, where the minimum required number of steps per span for different back-propagated bandwidths and modulation formats are investigated in the considered 9channel 32-Gbaud Nyquist-spaced optical communication system. Table 2 summarises the minimum required number of steps per span under both AIR and SNR optimisation criteria. The obtained results indicate that for a given backpropagated bandwidth in the MC-DBP scheme, the minimum required number of steps per span that achieves the highest possible AIR is dependent on the modulation format applied. Therefore, when optimisation is carried out for maximising the information rates, the choice of modulation format has an integral role. On the other hand, if MC-DBP is optimised with respect to the SNR, there is no modulation format dependence. As a consequence, the implications of the AIR optimisation are significant reductions of MRNSPS with decreasing order of modulation cardinality as compared to the SNR-optimised cases. For instance, full-field DBP maximises the AIR of the DP-QPSK systems when it is performed with 100 steps/span, while the SNR is maximised at 500 steps/span. The comparison between the AIR-and SNR-optimised MRNSPS suggests that the conventional SNR optimisation often overestimates the system requirements. Therefore, in practice the complexity of applying MC-DBP may be considerably reduced if the AIRs instead of the SNRs are maximised for given modulation format. 
IV. RESULTS AND DISCUSSIONS
In this section, the performance of MC-DBP is studied with respect to both SNR and AIR. The transmission link is 2000 km (25 span×80 km) SSMF. The nonlinear coefficient and the number of steps per span in the MC-DBP module are always the same as those in the transmission fibre to guarantee an optimal operation of MC-DBP.
Simulation results of SNR versus optical signal power per channel at different back-propagated bandwidths and modulation formats are shown in Fig. 2 . The results show that in the cases of EDC and up to 7-channel NLC, the DP-SNR (dB) Fig. 2 . Signal-to-noise ratio (SNR) versus optical launch power for systems with linear and multi-channel nonlinearity compensation.
16QAM, DP-64QAM and DP-256QAM systems have identical SNR performance, while the DP-QPSK system outperforms the other three modulation formats. This indicates that the nonlinear distortions in the cases of EDC and partial-bandwidth NLC, which are mainly from signalsignal interactions, depend on modulation format, and signalsignal interactions in the DP-QPSK system are smaller than in the systems using other higher-level modulation formats. This conclusion is consistent with earlier reports [44] [45] [46] . However, in the case of full-field NLC, all systems show similar SNR behaviour independent of the modulation formats applied. This demonstrates that the remaining nonlinear distortions for full-field NLC, which are mainly signal-noise interactions, do not depend on modulation formats. Fig. 3 shows the simulated AIRs as a function of optical signal power per channel for the investigated transmission system at different back-propagated bandwidths, where different modulation formats are applied. It is found that in terms of AIRs the highest gain for full-field NLC is achieved at the highest-order modulation format (DP-256QAM), and is 1.34 Tbit/s (from 2.86 Tbit/s at -2 dBm in EDC to 4.20 Tbit/s at 6.5 dBm in full-field NLC). Furthermore, it can be observed in Fig. 3 that the AIR of the DP-256QAM system using 7-channel NLC is higher than that in the DP-64QAM system using full-field NLC, if the signal power is less than 3.5 dBm. For any examined power, the AIR of the DP-256QAM system using 7-channel NLC exceeds the AIRs of the full-field NLC cases in the DP-16QAM and DP-QPSK systems. Therefore, to achieve a given target AIR, a compromise could be made between the modulation format selection and the back-propagated bandwidth. The complexity of signal processing schemes may be traded for modulation generation complexity. In general, the effects of such a trade-off will depend on the particular transmission distance.
V. CONCLUSIONS
In this paper, both the optimisation and performance of digital MC-NLC was studied from the perspectives of SNR and AIR in the long-haul optical fibre communication systems, when different modulation formats are applied. Numerical simulations were carried out in a 9-channel 32-Gbaud Nyquist-spaced optical communication system based on the SSMF transmission. Our results show that nonlinear distortions in the case of full-field NLC, which arise from signal-noise interactions, exhibit no modulation format dependence. On the other hand, nonlinear distortions in the system using EDC and partial-bandwidth NLC, which mainly arises from signal-signal interactions, show considerable dependence on the modulation formats applied.
Furthermore, the minimum required number of steps per span in the MC-NLC algorithm has been investigated in terms of the AIRs in the compensated communication systems and were compared to the cases where the SNRs are optimised. It is observed that in the AIR optimisation the minimum required number of steps per span at different backpropagated bandwidths strongly depends on the modulation format applied, in contrast to the scheme of SNR optimisation where for a given back-propagated bandwidth the number of steps per span required is the same for all modulation formats. Our investigation shows that, for a given AIR, there exists a potential trade-off between the modulation format and backpropagated bandwidth and a compromise may be achieved according to practical complexity limitations.
This paper gives an insight on the optimisation approaches of digital multi-channel NLC, and the selection of modulation formats and back-propagated bandwidths to optimise practical optical fibre communication systems. Fig. 3 . AIRs versus input optical power per channel for systems with linear and multi-channel nonlinearity compensation.
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